A permutation array(permutation code, PA) of length n and distance d, denoted by (n, d) PA, is a set of permutations C from some fixed set of n elements such that the Hamming distance between distinct members x, y ∈ C is at least d. In this correspondence, we present two constructions of PA from fractional polynomials over finite field, and a construction of (n, d) PA from permutation group with degree n and minimal degree d. All these new constructions produces some new lower bounds for PA.
In this correspondence, we present two constructions of PA from fractional polynomials over finite fields, and a construction of (n, d) PA from permutation group with degree n and minimal degree d. All these new constructions yieds some new lower bounds for PA.
In the rest of this correspondence, we always denote q as a power of prime.
II. CONSTRUCTION OF PAS FROM FRACTIONAL POLYNOMIALS
Polynomials over finite fields are often used to construct codes. In [?], a class of polynomials called permutation polynomials are directly applied to construction of PAs. Let F q be a finite field of order q. A polynomial f over F q is said to be a permutation polynomial (PP) if the induced
was shown in [?] that the set of all of the permutation polynomials over F q with degree ≤ d
forms an (n, n − d) PA.
Theorem 1: [?] .
The set of monic permutation polynomials over F q with degree 
In this section, we present two constructions of (q, d) and (q + 1, d) based on the fractional polynomials over finite fields.
A. Construction of PAs with length q
Definition 1: A fractional polynomial over F q is of form
, where f (x), g(x) are polynomials over F q . Two fractional polynomials
are said to be equal, denoted as
, if and only if
is monic and (f (x), g(x)) = 1, then we say
is sub-normalized fractional polynomial. Let SF P (q) denote the set of all sub-normalized fractional polynomials over F q . For
∈ SF P (q), define
are sub-normalized fractional permutations over F q such that
if and only if φ = ψ.
Proof:
The sufficiency is clear, we need only to prove the necessity. If
and g 2 (x) are monic. Then f 1 (x) = f 2 (x) follows immediately. QED.
Definition 2: A PA-mapping for length q (for short: an q−PAM) is a mapping
Proposition 1: The number of q−PAMs is at least
Proof: We can construct a q−PAM π as follows.
∈ SP F (q), according to the definition of q−PAM, we choose V (φ) members of {π(φ)(α) : α ∈ F q } determined by
, and set the other q − V (φ) members of {π(φ)(α) : α ∈ F q } to be any possibilities satisfying {π(φ)(α) :
Thus we complete the proof. QED.
Lemma 2:
Proof: For case max{s 1 + t 2 , s 2 + t 1 } = s 1 + t 2 , we have
Similarly, for case that max{s 1 + t 2 , s 2 + t 1 } = s 2 + t 1 , the statement holds also. QED.
Definition 3: Let s, t be non-negative integer constants satisfying s + t ≤ q − 2. Then we define SF P (q, s, t) be the set of all
By definition, SF P (q, s, 0) is equivalent to the set of all permutation polynomials with degree ≤ s. In this point, SF P (q, s, t) can be regarded as a generalization of permutation polynomials, however, SF P (q, s, t) are used to construct PAs with help of q−PAM, rather than directly construction.
Theorem 3: Let s, t be non-negative integer constants satisfying s + t ≤ q − 2. Then for any
Proof:
Then by the definition of q−PAM, the number of roots of π(
where the last inequality follows from Lemma 2. This yields the theorem.
QED.
Unfortunately, even the enumeration of permutation polynomials are far from complete ( N k (q) has been known for q ≤ 5 [?]), the enumeration of SF P (q, s, t) seem more difficulty than that of permutation polynomials. But for small values of q, s, t, we can search by computer by checking all
∈ SF P (q) with ∂(f (x)) ≤ s and ∂(g(x)) ≤ t. Similar to case of permutation polynomials, we can reduce the complexity of checking tasks by normalized their forms.
over F q is said to be normalized if (f (x), g(x)) = 1, both f (x) and g(x) are monic, and when the degree s of f is not divisible by the characteristic of F q , the coefficient of
∈ SF P (q, s, t) is again a member of SF P (q, s, t). By choosing α, β suitably, we can obtain ψ in normalized form.
For a given normalized fractional polynomial
, the number of distinct such
is either q(q − 1) or q − 1, depending on whether (q, i) = 1 for some i ≥ 1 such that there is a nonzero coefficient of x i . By this approach, we find some new lower bounds for PAs by computer. For q ≤ 23 be prime and k ≤ 5, the new lower bounds on P (q, q − k) are as following: 
B. Construction of PAs with length q + 1
Definition 5: A PA-mapping for length q + 1 (for short: an (q + 1)−PAM) is a mapping
(1)for each α ∈ F q ,
Proposition 2: The number of (q + 1)−PAMs is at least
Proof: We can construct a (q + 1)−PAM π as follows.
∈ SP F (q), according to the definition of (q + 1)−PAM, we choose
, and choose a members of {π(φ)(α) : α ∈ F q ∪ {∞}} equal to ∞, and then set the other q − V (φ) members of {π(φ)(α) : α ∈ F q ∪ {∞}} to be any possibilities satisfying {π(φ)(α) : α ∈ F q ∪ {∞}} = F q ∪ {∞}. There are at least (q − V (φ))! possibilities of {π(φ)(α) : α ∈ F q ∪ {∞}}. Thus we complete the proof. QED.
Definition 6: Let s, t, a, b be integer constants satisfying
Then we define SF P (q, s, t, a, b) be set of all
∈ SF P (q) such that, supposing s ′ = ∂(f (x)),
, for case that g(x) = 0 has roots in F q ,
for case that g(x) = 0 has no root in F q ,
Theorem 4: Let s, t, a, b, d be integer constants satisfying
Then for any (q + 1)−PAM π, {π(φ) : φ ∈ SF P (q, s, t, a, b)} is a (q + 1, d) PA with size |SF P (q, s, t, a, b)|.
where z = {α ∈ F q : g 1 (α) = g 2 (α) = 0}. Now we are ready to find the upper bound on the number of roots of π(φ 1 )(x) − π(φ 2 )(x) = 0 in F q ∪ {∞}, which is denoted as R. We discuss in four cases: Case I): Both g 1 (x) = 0 and g 2 (x) = 0 have roots in F q . We further discuss in two subcases: Subcase 1):g 1 (x) = 0 and g 2 (x) = 0 have at least a common root in F q , namely z ≥ 1. By the definition of (q + 1)−PAM, we have
where the last inequality follows from Lemma 2.
Case II): Both g 1 (x) = 0 and g 2 (x) = 0 have no root, then z = 0. By the definition of (q + 1)−PAM, we have
Case III): g 1 (x) = 0 has roots in F q while g 2 (x) = 0 has no root. Then z = 0. If α ∈ Z q is a root of g 1 (x) = 0 satisfying π(φ 1 )(α) = ∞ then π(φ 2 )(α) = ∞, and π(φ 1 )(∞) = ∞ while π(φ 2 )(∞) = ∞. Then by the definition of (q + 1)−PAM, we have
Case IV): g 1 (x) = 0 has no roots while g 2 (x) = 0 has roots in F q . It can be proved that R ≤ s + t + max{a, b} similar to Case III. Now we can conclude that {π(φ) : φ ∈ SF P (q, s, t, a, b)} is a (q + 1, d) PA with size |SF P (q, s, t, a, b)|, where
Comparing the definitions of SF P (q, s, t) with SF P (q, s, t, a, b), we find SF P (q, s, t) ⊆ SF P (q, s, t, 0, 0). This in conjunction with Theorem 4 implies the following Corollary.
As the case of SF P (q, s, t), the enumeration of SF P (q, s, t, a, b) is difficulty to determined, while for small values of q, s, t, we can find by computer by checking all
∈ SF P (q) with ∂(f (x)) ≤ s + max{0, a}, ∂(f (x)) ≤ t + max{0, b}. The complexity of checking task can be also reduced by only checking the normalized forms. Let
∈ SF P (q, s, t, a, b). For
∈ SF P (q, s, t, a, b) is again a member of SF P (q, s, t, a, b).
By choosing α, β suitably, we can obtain ψ in normalized form. For a given normalized fractional
is either q(q − 1) or q − 1, depending on whether (q, i) = 1 for some i ≥ 1 such that there is a nonzero coefficient of x i . By this approach, we find some new lower bounds for PA by computer. For q ≤ 23 be prime and k ≤ 5, the new lower bounds on P (q + 1, q − k) are as following:
P (18, 14) ≥ 9520, P (20, 14) ≥ 123804, P (24, 20) ≥ 23782.
III. CONSTRUCTION OF (n, d) PAS FROM PERMUTATION GROUPS WITH DEGREE n AND MINIMAL DEGREE d
Let G be a finite permutation group with a action on a set Ω. The order of G is defined as the cardinality of G and the degree of G is defined as the cardinality of Ω. If g ∈ G, then the degree of g on Ω is the number of points moved by g. The minimal degree of G is the minimum degree of a nontrivial element in G. G has fixity f if nontrivial elements of G fixes ≤ f points, and there is a nontrivial element of G fixing exactly f points. Thus the minimal degree of a permutation group of degree n and fixity f is n − f . By definitions, for g 1 , g 2 ∈ G, the distance between g 1 and g 2 is the degree of g 1 g −1 2 , this yields the following theorem immediately. Theorem 5: Let G be a permutation group with degree n and minimal degree
Then from the knowledge of permutation groups, we can obtain a lot of PAs for given lengths and distances.
Example 1: Frobenius groups have fixity one, then Frobenius group of degree n forms an (n, n − 1) PA [?, p.85] . Zassenhaus groups have fixity two, then Zassenhaus group with degree n forms an (n, n − 2) PAs. The minimal degree of a proper primitive permutation groups of degree n is at least 2( √ n − 1) [?], then a proper primitive permutation group of degree n forms an (n, 2( √ n − 1)) PA.
Example 2: Let m ≥ 5, n = m(m − 1)/2, and d = 2m − 4, and permutation group G be the action of S m on the set of 2−sets of {1, 2, . . . , m}. This action is primitive of degree 
Some new lower bounds for PAs are obtained below. The permutation group G acting on a set Ω with |Ω| = n is said to be sharply k-transitive if, for any two ordered k subsets of Ω, say {i 1 , i 2 , . . . , i k } and {j 1 , j 2 , . . . , j k } there exists exactly one element σ ∈ G such that σ(i l ) = j l , l = 1, . . . , k. The sharply k-transitive group of degree n has been proved in [?] that it is an (n, n − k + 1) PA of size n!/(n − k)!. Indeed, a permutation group G with |G| = n!/(n − k)! of degree n is an (n, n − k + 1) PA if and only if it is sharply k-transitive.
Theorem 6: A permutation group G with order n!/(n − k)! and degree n is an (n, n − k + 1)
PA if and only if it is sharply k-transitive.
Proof:
We need only to prove the necessary. Suppose that G acts on Ω. For any two ordered k subsets of Ω, say {i 1 , i 2 , . . . , i k }, {j 1 , j 2 , . . . , j k }, there exists at most one σ ∈ G such that σ(i l ) = j l , l = 1, . . . , k,
since two distinct such permutations would have distance ≤ n − k. There are n!/(n − k)! ordered k subsets of Ω, this means there exists at least one element σ ∈ G satisfying condition (1). Hence G is sharply k-transitive. QED.
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